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Abstract
The time-dependent CP asymmetry in B0 → Kresγ → pi+pi−K0Sγ is sensitive to
the photon polarisation in the quark level process b→ sγ. While this polarisation
is predominantly left-handed in the standard model, it could be modified by the
existence of new physics contributions that may possess different CP properties.
In this paper, we derive the CP violation formulae for B0 → Kresγ → pi+pi−K0Sγ
including the most dominant intermediate states. We propose a new observable
that could be measured in a time-dependent amplitude analysis of B0 → pi+pi−K0Sγ
decays, providing a stringent contraint on the photon polarisation. We discuss the
future prospects for obtaining such constraints from measurements at Belle II and
LHCb.
Published in JHEP 09 (2019) 034
ar
X
iv
:1
80
2.
09
43
3v
3 
 [h
ep
-p
h]
  9
 Se
p 2
01
9
ii
1 Introduction
The exclusive b→ sγ process is one of the most sensitive observables to new physics in
B physics: unlike many other b-hadron decays, it is described in the standard model
(SM) by a single operator, the electro-magnetic type sσµν(1 + γ5)bF
µν , which minimises
the uncertainties from hadronic effects. In the era of the LHC and the upgraded B-
factory experiment, Belle II, an interesting opportunity opens to investigate the circular-
polarisation of the photon in b→ sγ process and gain additional insight into its nature. In
the standard model, the photon polarisation of b→ sγ is predicted to be predominantly
left-handed (γL) due to the operator mentioned above. Several new-physics models contain
new particles that couple differently from the SM, inducing an opposite chirality operator
sσµν(1− γ5)bF µν ; these models predict an enhanced right-handed photon contribution
(γR). Examples of such new physics models are given in Refs. [1–4]. The photon polarisation
in b→ sγ transitions is therefore a fundamental property of the SM, and its experimental
determination may provide information on physics beyond the SM.
Photon polarisation measurement is a challenge in B physics, and much effort has
been put into it in recent years. Two types of methods to determine photon polarisation
have been proposed and carried out: measuring the angular distribution of the recoil
particles (see [5–13] for theoretical proposals and [14–16] for experimental results), and
measuring the time-dependent CP asymmetry (Refs. [17–20] and [?, 21–24] for theory and
experiment, respectively). In this article, we discuss the second method.
Obtaining information on photon polarisation from the time-dependent CP asymmetry
measurement is illustrated with the promising mode B → Kresγ → (npi)K0Sγ, where Kres
is a kaonic resonance and npi designates either pi0 or pi+pi−. The illustration is depicted
in Fig 1. The time-dependent CP asymmetry originates from the interference of the
B → Kresγ → (npi)K0Sγ and B → Kresγ → (npi)K0Sγ amplitudes, one of which emerges as
a result of B-B oscillation. The key point is that interference occurs only when photons
coming from B and B amplitudes are circularly polarised in the same direction. Let us
B0 c
′(c)
−→ KresγL(R)
f+(t) ↗ ↘
B0(t = 0) (npi)K0SγL(R)
q
p f−(t)
↘ ↗
B0 c(c
′)
−→ KresγL(R)
B0 c
′(c)
−→ KresγL(R)
p
q f−(t) ↗ ↘
B0(t = 0) (npi)K0SγL(R)
f+(t) ↘ ↗
B0 c(c
′)
−→ KresγL(R)
Figure 1: Schematic description of the time-dependent CP asymmetry of B → Kresγ → (npi)K0Sγ.
The factors f−(t) and f+(t) are the time-dependent oscillation and non-oscillation probabilities,
respectively, of a B0 or a B0 meson. The q and p are the B −B oscillation parameters, which
correspond to q/p ' (V ∗tbVtd)/(VtbV ∗td) = e−2iβ in the SM. The coefficients c and c′ represent
the ratio of the standard operator contribution sσµν(1 + γ5)bF
µν and that of the non-standard
one sσµν(1− γ5)bFµν , respectively. In the SM, c′/c ' ms/mb(' 0) leading to an expected CP
asymmetry to be almost zero.
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define the rate of B (B) mesons decaying into left- (right-) handed photons to be c, and
the rate of B (B) into right- (left-) handed photons to be c′. The former process is induced
by the standard operator contribution sσµν(1 + γ5)bF
µν , and the latter is induced by
the non-standard operator sσµν(1− γ5)bF µν . Knowing that in the SM c′/c ' ms/mb ' 0,
that is, the left- (right-) handed photon is nearly forbidden for a B (B) meson decay, the
interference of B and B is expected to be nearly zero. Therefore, observation of non-zero
CP asymmetry signals new physics. Once non-zero CP asymmetry is observed, one can
further determine the “photon polarisation”, by measuring the ratio of c′/c using as input
the oscillation parameters q/p ' (V ∗tbVtd)/(VtbV ∗td) = e−2iβ in the SM. In this article, the
notation used for the weak B0-B0 mixing phase is β rather than its equivalent, φ1. Its
numerical value is obtained from sin 2β measurements determined in other modes [25],
such as B0 → J/ψK0S .
The simplest decay mode to study in this regard is B0 → K∗0(892)γ → K0Spi0γ,
for which the first measurements of the mixing-induced CP violation were reported
by the BABAR [21] and Belle [22] experiments: S
K0Spi
0γ
= −0.03± 0.29± 0.03 and
S
K0Spi
0γ
= −0.32+0.36−0.33 ± 0.05, respectively. As these measurements are statistically lim-
ited, they can be significantly improved by the Belle II experiment, which plans to
accumulate a data sample 50 times as large as those accumulated by the first-generation
B factories.
In this paper, we discuss two methods to obtain information on the photon po-
larisation via the measurement of the mixing-induced CP violation in the decay
B0 → Kresγ → ρ0K0Sγ → pi+pi−K0Sγ. The main difficulty comes from the fact that the
final state pi+pi−K0S can originate not only from the CP eigenstate ρ
0K0S but also from
other intermediate states. In order to disentangle these contributions, such as K∗±pi∓, a
detailed amplitude analysis is required. Such an analysis has been pioneered by the Belle
collaboration [23] and extended by the BABAR collaboration [26].
In this paper, motivated by these developments, we re-visit the method to obtain the
mixing-induced CP asymmetry in B0 → Kresγ → pi+pi−K0Sγ decays to gain more insight
on the photon polarisation. One essential ingredient of the method is the way to relate the
B and B decay amplitudes for left- and right-handed photons in the final state, considering
the dominant intermediate decay modes
K1(1270), K1(1400) (J
P = 1+),
K∗(1410), K∗(1680) (JP = 1−),
K∗2(1430) (J
P = 2+),
for the kaonic resonances and
B0 → Kresγ → (ρ0K0S)γ → K0S(pi+pi−)γ,
B0 → Kresγ → (K∗+pi−)γ → (K0Spi+)pi−γ,
B0 → Kresγ → ((Kpi)+0 pi−)γ → (K0Spi+)pi−γ,
for the Kpi or pipi intermediate states. The notation (Kpi)0 designates the Kpi S-wave. In
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practice the relation between amplitudes is obtained by studying the transformation of
each intermediate state by parity (P) and charge conjugation (C).
In Sec. 2 we introduce the time-dependent CP asymmetry formulae for
B0 → Kresγ → pi+pi−K0Sγ decays. In Sec. 3 we derive the CP -sign for the decay am-
plitudes with different intermediate states, which is required in order to extract the CP
asymmetry. Using these results we derive the time-dependent CP asymmetry expression
for B0 → Kresγ → pi+pi−K0Sγ and B0 → Kresγ → ρ0K0Sγ decays in Sec. 4. In Sec. 5 we
present two methods to obtain information on the photon polarisation. Finally, in Sec. 6
we discuss the future prospects for these measurements at Belle II, and we conclude in
Sec. 7.
2 Time-dependent CP asymmetry for B0 →
pi+pi−K0
S
γ
In the limit where the rate Γpi+pi−K0Sγ(t) comes only from the amplitude for
B0 → Kresγ → ρ0K0Sγ decays, we define the time-dependent CP asymmetry as
Γρ0K0Sγ(t)− Γρ0K0Sγ(t)
Γρ0K0Sγ(t) + Γρ0K0Sγ(t)
≡ Sρ0K0Sγ sin(∆mt)− Cρ0K0Sγ cos(∆mt), (1)
with
Sρ0K0Sγ =
2Im
(
q
p
∫ ∑
λ=L,R
[
M
∗ρ0K0S
λ M
ρ0K0S
λ
]
dp
)
∫ ∑
λ=L,R
[∣∣∣Mρ0K0Sλ ∣∣∣2 + ∣∣∣Mρ0K0Sλ ∣∣∣2] dp , (2)
Cρ0K0Sγ = −
∫ ∑
λ=L,R
[∣∣∣Mρ0K0Sλ ∣∣∣2 − ∣∣∣Mρ0K0Sλ ∣∣∣2] dp∫ ∑
λ=L,R
[∣∣∣Mρ0K0Sλ ∣∣∣2 + ∣∣∣Mρ0K0Sλ ∣∣∣2] dp, (3)
where M
ρ0K0S
λ and M
ρ0K0S
λ correspond to the B
0 → Kresγ → ρ0K0Sγ and B0 → Kresγ →
ρ0K0Sγ decay amplitudes, respectively, with the left- and right-handed photon polarisation,
designated by λ = L,R. For simplicity, we first consider the contribution of a single kaonic
resonance during the development of the formalism used in this article. This simplification
is justified in Sec. 4 where it is shown that, depending on the considered phase-space
region, the mixing-induced CP -violation parameter expression does not depend on the
kaonic resonance quantum numbers. The definitions of the considered integration regions
are detailed in sections 4 and 5. In this article we adopt the convention CP |B0〉 = +|B0〉.
This convention is equivalent to C|B0〉 = −|B0〉. The mass eigenstates are defined as
|B1/2〉 = p|B0〉 ± q|B0〉 with
q
p
= +
√
M∗12 − i2Γ∗12
M12 − i2Γ12
, (4)
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and the mass difference is taken such that
∆m = M2 −M1 = −2Re
(
q
p
(M12 − iΓ12
2
)
)
. (5)
From the expression for Sρ0K0Sγ in Eq. (2), the numerator is zero, and no mixing-induced
CP violation is expected, unless the B0 and B0 can both decay into final states with the
same photon polarisation λ. If the interference is non-zero, mixing-induced CP violation
may have observable effects. The dependence of the CP parameters from the measurement
of Sρ0K0Sγ on the CP signs inherited by the decay of the kaonic resonances is studied in
Sec. 3.
As discussed in Sec. 1, other intermediate states than ρ0K0S are expected in
B0 → Kresγ → pi+pi−K0Sγ decays, and these need to be carefully separated. Including all
contributions, the time-dependent CP asymmetry expression becomes
Γpi+pi−K0Sγ(t)− Γpi+pi−K0Sγ(t)
Γpi+pi−K0Sγ(t) + Γpi+pi−K0Sγ(t)
≡ Spi+pi−K0Sγ sin(∆mt)− Cpi+pi−K0Sγ cos(∆mt), (6)
with
Spi+pi−K0Sγ =
2Im
(
q
p
∫ ∑
λ=L,R
[
M∗λMλ
]
dp
)
∫ ∑
λ=L,R
[∣∣Mλ∣∣2 + |Mλ|2] dp , (7)
Cpi+pi−K0Sγ = −
∫ ∑
λ=L,R
[∣∣Mλ∣∣2 − |Mλ|2] dp∫ ∑
λ=L,R
[∣∣Mλ∣∣2 + |Mλ|2] dp. (8)
The B0 and B0 decay amplitudes, Mλ and Mλ, respectively, are now sums over the three
considered intermediate states
Mλ = M
ρ0K0S
λ +M
K∗+pi−
λ +M
(Kpi)+0 pi
−
λ , (9)
Mλ = M
ρ0K0S
λ +M
K∗−pi+
λ +M
(Kpi)−0 pi
+
λ . (10)
3 Relations between amplitudes
In this section, we derive the CP sign, establishing relations among the four amplitudes
ML, MR, ML and MR. For each resonance Kres, the decay amplitude Mλ (Mλ) can be
written as the sum of products Mλ =
∑
iAλ ×A iλ (Mλ =
∑
iAλ ×A
i
λ), where Aλ (Aλ) is
the decay amplitude of B0 (B0) to Kresγ (Kresγ), and A iλ (A
i
λ) is the decay amplitude of
Kres (Kres) to the intermediate state i:
Mλ = M
ρ0K0S
λ +M
K∗+pi−
λ +M
(Kpi)+0 pi
−
λ = Aλ ×
(
Aρ0K0Sλ +AK
∗+pi−
λ +A(Kpi)
+
0 pi
−
λ
)
, (11)
Mλ = M
ρ0K0S
λ +M
K∗−pi+
λ +M
(Kpi)−0 pi
+
λ = Aλ ×
(
Aρ0K0Sλ +AK
∗−pi+
λ +A(Kpi)
−
0 pi
+
λ
)
. (12)
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We keep λ in the strong decay amplitude, A iλ, though, as discussed later in this section,
the squared amplitude does not depend on λ.
3.1 B → Kresγ amplitudes
First, we consider the B decay part. In the SM, the B(B) → Kres(Kres)γ transition
comes from the penguin diagram with a top quark and a W boson in the loop. These
interactions can be written by the matrix elements
AR = 〈KresγR|H−|B〉, AL = 〈KresγL|H+|B〉, (13)
AR = 〈KresγR|H+†|B〉, AL = 〈KresγL|H−†|B〉, (14)
where the effective Hamiltonians, at leading order in QCD, are
H+ = −GF√
2
e
16pi2
VtbV
∗
tsmbc [sσ
µν(1 + γ5)bFµν ] , (15)
H− = −GF√
2
e
16pi2
VtbV
∗
tsmbc
′ [sσµν(1− γ5)bFµν ] , (16)
and
c = −1
2
F2(mt), c
′ = −1
2
F2(mt)
ms
mb
, (17)
where F2 is the Inami-Lim function that includes the top quark loop contribution [27].
The c′ contribution, which is proportional to a small factor ms/mb, is often neglected in
the literature.1 Including the one-loop QCD correction to this contribution, c becomes
simply the Wilson coefficient C
(0)eff
7γ . By including the right-handed contributions from
new physics, the c′ coefficient can be affected as mentioned in the introduction. Note that
for b→ sγ transitions, the Hamiltonians are given by the Hermitian conjugate
H+† = −GF√
2
e
16pi2
V ∗tbVtsmbc
∗ [bσµν(1− γ5)sFµν] , (18)
H−† = −GF√
2
e
16pi2
V ∗tbVtsmbc
′∗ [bσµν(1 + γ5)sFµν] . (19)
We can also find the relations among the B decay amplitudes AL,R and AL,R by
applying the parity (P) and charge-conjugation (C) operators. We first consider the case
where Kres is a J
P = 1+ state. Inserting the unit matrix P†P yields
AR = 〈KresγR|P†PH−P†P|B〉
= ηP(B)ηP(Kres)ηP(γ)(−1)j0−j1−j2
(
c′
c
)
〈KresγL|H+|B〉
= +
(
c′
c
)
AL, (20)
1Apart from the term that is proportional to ms, the right handed contribution, c
′, also receives some
small contributions from the charm quark loop (see Refs. [28–33] for more details).
5
where ji is the total spin of the initial (i = 0) and the final (i = 1, 2)
particles, and ηP(X) is the intrinsic parity of particle X. Here we used
Psσµν(1− γ5)bFµνP† = +sσµν(1 + γ5)bFµν . Similarly the relation between AL,R and
AL,R can be obtained by applying a C transformation. Inserting the unit matrix C†C yields
AR = 〈KresγR|C†CH−C†C|B〉
= ηC(B)ηC(Kres)ηC(γ)
(
c′
c∗
)
〈KresγR|−H+†|B〉
= +
(
c′
c∗
)
AR, (21)
where ηC(X) is the charge-conjugation eigenvalue of particle X. Here we used
Csσµν(1− γ5)bF µνC† = −bσµν(1− γ5)sF µν . The phase convention of the C transforma-
tion of Kres is chosen to be C|Kres〉 = −|Kres〉 throughout this article. For the amplitudes
of B mesons decaying into JP = 1+ kaonic states we finally obtain:
AR = +
(
c′
c
)
AL, AR = +
(
c∗
c′∗
)
AL, AR = +
(
c′
c′∗
)
AL,
AR = +
(
c′
c∗
)
AR, AL = +
(
c
c′∗
)
AL.
(22)
Following the same formalism, for the JP = 1− and JP = 2+ kaonic states we obtain:
AR = −
(
c′
c
)
AL, AR = −
(
c∗
c′∗
)
AL, AR = −
(
c′
c′∗
)
AL,
AR = +
(
c′
c∗
)
AR, AL = +
(
c
c′∗
)
AL.
(23)
3.2 Kres → pi+pi−K0S amplitudes
First, we find a relation between A iλ and A
i
λ, which are related by the C transformation.
The amplitude A iλ corresponds to the same point in phase space as A iλ, since we are
interested in the interference between the two. To start, the amplitude of the decay
Kres → ρ0K0S can be written in terms of the product of the matrix elements:
Aρ0K0Sλ = 〈pi+(p1)pi−(p2)|H′s|ρ0〉〈ρ0K0S(p3)|Hs|Kres〉, (24)
Aρ0K0Sλ = 〈pi+(p1)pi−(p2)|H′s|ρ0〉〈ρ0K0S(p3)|Hs|Kres〉, (25)
where Hs and H′s are the Hamiltonians describing the two corresponding strong decays.
Applying a C transformation gives
Aρ0K0Sλ = 〈pi+(p1)pi−(p2)|C†CH′sC†C|ρ0〉〈ρ0K0S(p3)|C†CHsC†C|Kres〉
= 〈pi−(p1)pi+(p2)|H′s|ρ0〉〈ρ0K0S(p3)|Hs|Kres〉
= −〈pi−(p2)pi+(p1)|H′s|ρ0〉〈ρ0K0S(p3)|Hs|Kres〉, (26)
where Hs and H′s are invariant under charge conjugation. In this development we used
C|ρ0〉 = −|ρ0〉, C|K0S〉 = −|K0S〉, related to the approximation CP |K0S〉 = |K0S〉, and
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C|Kres〉 = −|Kres〉, according to the convention given above. In the second line of Eq. (26),
the C transformation swaps the pi+ and pi− momenta. Since ρ0 → pi+pi− is a P -wave decay,
interchanging p1 and p2 leads to an overall minus sign in the third line of Eq. (26). Thus,
writing explicitly the momentum assignment of pi+pi−K0S we obtain
Aρ0K0Sλ (p1, p2, p3) = A
ρ0K0S
λ (p2, p1, p3)
= −Aρ0K0Sλ (p1, p2, p3).
(27)
The amplitude describing the Kres → K∗pi process can be written as
AK∗+pi−λ = 〈K0S(p3)pi+(p1)|H′s|K∗+〉〈K∗+pi−(p2)|Hs|Kres〉,
AK∗−pi+λ = 〈K0S(p3)pi−(p2)|H′s|K∗−〉〈K∗−pi+(p1)|Hs|Kres〉, (28)
and applying the C transformation results in
AK∗+pi−λ (p1, p2, p3) = 〈K0S(p3)pi+(p1)|C†CH′sC†C|K∗+〉〈K∗pi−(p2)|C†CHsC†C|Kres〉
= 〈K0S(p3)pi−(p1)|H′s|K∗−〉〈K∗−pi+(p2)|Hs|Kres〉
= AK∗−pi+λ (p2, p1, p3), (29)
where the momentum assignment is explicitly written for clarity. This reflects the general
strong-interaction dynamics, where no simple relation allows to interchange p1 and p2
when the pi+ and pi− are swapped. Thus, the relation between AK∗+pi−λ (p1, p2, p3) and
AK∗−pi+λ (p1, p2, p3) is unknown, except for the trivial case where p1 = p2. A similar
conclusion applies when considering the process Kres → (Kpi)0pi.
It is possible to obtain relations between A iL and A iR and between A
i
L and A iR. Indeed,
since the decay of the kaonic resonances only depend on the strong interaction, the former
and the latter relations are expected to be the same. Furthermore, since decays with left-
and right-handed photons do not interfere, only relations between products of amplitudes
with the same photon polarisation are needed. The explicit computation for three kaonic
resonances shows that, after integrating over the decay angles, these products do not
depend on the left or right polarisation of the resonances:
A∗iRAjR = A∗iLAjL, A
∗i
RAjR = A∗iLAjL, (30)
where i, j = ρ0K0S , K
∗±pi∓, (Kpi)0
±pi∓.
4 Expression of the time-dependent CP asymmetry
The expressions of the mixing-induced CP violation parameters, Sρ0K0Sγ and Spi+pi−K0Sγ,
given in Eqs. (2) and (7), respectively, can be rewritten using the relations between the
amplitudes describing B0 → Kresγ → pi+pi−K0Sγ decays, obtained in Sec. 3. The aim is to
express Sρ0K0Sγ and Spi+pi−K0Sγ in terms of amplitudes corresponding to a single B-flavour
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(choosing B0) and a single polarisation (choosing λ = L). The squared B0 and B0
amplitudes, |Mλ|2 and
∣∣Mλ∣∣2, respectively, are written for a single Kres contribution as
|Mλ|2 =
∣∣∣Mρ0K0Sλ ∣∣∣2 + ∣∣∣MK∗+pi−λ ∣∣∣2 + ∣∣∣M (Kpi)+0 pi−λ ∣∣∣2
+2Re
(
M
∗ρ0K0S
λ M
K∗+pi−
λ
)
+ 2Re
(
M
∗ρ0K0S
λ M
(Kpi)+0 pi
−
λ
)
,
+2Re
(
M∗K
∗+pi−
λ M
(Kpi)+0 pi
−
λ
)
, (31)
∣∣Mλ∣∣2 = ∣∣∣Mρ0K0Sλ ∣∣∣2 + ∣∣∣MK∗−pi+λ ∣∣∣2 + ∣∣∣M (Kpi)−0 pi+λ ∣∣∣2
+2Re
(
M
∗ρ0K0S
λ M
K∗−pi+
λ
)
+ 2Re
(
M
∗ρ0K0S
λ M
(Kpi)−0 pi
+
λ
)
,
+2Re
(
M
∗K∗−pi+
λ M
(Kpi)−0 pi
+
λ
)
, (32)
and the cross term by
M∗λMλ = M
∗ρ0K0S
λ M
ρ0K0S
λ +M
∗K∗+pi−
λ M
K∗−pi+
λ +M
∗(Kpi)+0 pi−
λ M
(Kpi)−0 pi
+
λ
+
[
M
∗ρ0K0S
λ M
K∗−pi+
λ +M
∗K∗+pi−
λ M
ρ0K0S
λ
]
+
[
M
∗ρ0K0S
λ M
(Kpi)−0 pi
+
λ +M
∗(Kpi)+0 pi−
λ M
ρ0K0S
λ
]
+
[
M∗K
∗+pi−
λ M
(Kpi)−0 pi
+
λ +M
∗(Kpi)+0 pi−
λ M
K∗−pi+
λ
]
, (33)
where the shortened notation |Mλ|2 and
∣∣Mλ∣∣2 are used instead of |Mλ(p1, p2, p3)|2 and∣∣Mλ(p1, p2, p3)∣∣2, respectively.
The next step consists in replacing, in Eqs. (32) and (33), the B0 decay amplitudes
by those corresponding to the B0 decay. This is done by using the results obtained in
Sec. 3 for the CP signs of the B decay part, in Eqs. (22) and (23), and the Kres decay
part, in Eqs. (27) and (29). For λ = L we obtain∣∣ML(p1, p2, p3)∣∣2 = ∣∣∣ c
c′∗
∣∣∣2 [∣∣∣Mρ0K0SL (p2, p1, p3)∣∣∣2 + ∣∣∣MK∗+pi−L (p2, p1, p3)∣∣∣2 + ∣∣∣M (Kpi)+0 pi−L (p2, p1, p3)∣∣∣2
+ 2Re
(
M
∗ρ0K0S
L (p2, p1, p3)M
K∗+pi−
L (p2, p1, p3)
)
+ 2Re
(
M
∗ρ0K0S
L (p2, p1, p3)M
(Kpi)+0 pi
−
L (p2, p1, p3)
)
+2Re
(
MK
∗+pi−
L (p2, p1, p3)M
(Kpi)+0 pi
−
L (p2, p1, p3)
)]
=
∣∣∣ c
c′∗
∣∣∣2 |ML(p2, p1, p3)|2 , (34)
and
M∗L(p1, p2, p3)ML(p1, p2, p3) =
( c
c′∗
)
M∗L(p1, p2, p3)ML(p2, p1, p3). (35)
Furthermore, we express all the amplitudes in term of one polarisation, choosing λ = L.
To do so, we obtain relations between left and right amplitudes using Eq. (30), together
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with Eqs. (22) and (23)
M∗R(p1, p2, p3)MR(p1, p2, p3) = M
∗
L(p1, p2, p3)ML(p1, p2, p3)
|MR(p1, p2, p3)|2 =
∣∣∣ c
c′
∣∣∣2 |ML(p1, p2, p3)|2∣∣MR(p1, p2, p3)∣∣2 = ∣∣∣∣c′c
∣∣∣∣2 ∣∣ML(p1, p2, p3)∣∣2 . (36)
Using these relations, Eq. (7) can be re-written as
Spi+pi−K0Sγ = 4Im
qp cc′|c|2 + |c′|2
×
∫ ∑
i,j
[
M∗iL (p1, p2, p3)M
j
L(p2, p1, p3)
]
dp∫ ∑
i,j
[
M∗iL (p1, p2, p3)M
j
L(p1, p2, p3) +M
∗i
L (p2, p1, p3)M
j
L(p2, p1, p3)
]
dp

= 4Im
qp cc′|c|2 + |c′|2
×
∫ ∑
i,j [A∗i(p1, p2, p3)Aj(p2, p1, p3)]dp∫ ∑
i,j [A∗i(p1, p2, p3)Aj(p1, p2, p3) +A∗i(p2, p1, p3)Aj(p2, p1, p3)]dp
 , (37)
where i, j run over ρ0K0S , K
∗+pi−, (Kpi)+0 pi
−. Here we also used the fact that the weak-decay
part of the total amplitude can be factored out, as M∗iL (p1, p2, p3) = ALA∗i(p1, p2, p3),
and thus cancels out in the ratio. The notation A∗i(p1, p2, p3) corresponds to the strong
part of the amplitude, averaged over the Kres helicity states. Similarly, Eq. (8) can be
re-written as
Cpi+pi−K0Sγ =
∫ ∑
i
[
|Ai(p1, p2, p3)|2 − |Ai(p2, p1, p3)|2
]
dp∫ ∑
i
[|Ai(p1, p2, p3)|2]+ |Ai(p2, p1, p3)|2dp , (38)
where the phase-space dp represents the two Dalitz-plot variables and the Kpipi invariant
mass.
We emphasise that the expressions of Spi+pi−K0Sγ and Cpi+pi−K0Sγ obtained in Eqs. (37)
and (38), respectively, are independent of the intermediate kaonic resonance. Furthermore,
the interferences of JP = 1+, 1−, 2+ kaonic resonances cancel out after integrating over
the polar and the azimuthal angles of the photon direction with respect to the Kpipi decay
plane (i.e. θ and φ in [8]). This means that Eq. (37) can be extended to yield the value
of Spi+pi−K0Sγ including the contributions from all kaonic resonances by simply replacing
the numerator and the denominator of the last line of Eq. (37) by the sum of them for
9
JP = 1+, 1−, 2+. Thus, Eq. (37) can be used by experimental studies in two ways: i)
if the different kaonic resonances can be distinguished experimentally, the amplitudes
in Eq. (37) can be considered as those of a given kaonic resonance decaying into the
corresponding isobars; ii) if the kaonic resonances are not distinguished experimentally,
then the amplitudes can be considered as sums over all the kaonic resonances decaying
into the corresponding isobars.
Expanding the sum over the hadronic amplitudes in the expression of Spi+pi−K0Sγ in
Eq. (37), we obtain∑
i,j
[A∗i(p1, p2, p3)Aj(p2, p1, p3)] = A∗ρ0K0S(p1, p2, p3)Aρ0K0S(p2, p1, p3) (39)
+A∗K∗+pi−(p1, p2, p3)AK∗+pi−(p2, p1, p3)
+A∗(Kpi)+0 pi−(p1, p2, p3)A(Kpi)+0 pi−(p2, p1, p3)
+A∗ρ0K0S(p1, p2, p3)AK∗+pi−(p2, p1, p3)
+A∗K∗+pi−(p1, p2, p3)Aρ0K0S(p2, p1, p3)
+A∗ρ0K0S(p1, p2, p3)A(Kpi)+0 pi−(p2, p1, p3)
+A∗(Kpi)+0 pi−(p1, p2, p3)Aρ0K0S(p2, p1, p3)
+A∗K∗+pi−(p1, p2, p3)A(Kpi)+0 pi−(p2, p1, p3)
+A∗(Kpi)+0 pi−(p1, p2, p3)AK∗+pi−(p2, p1, p3)
= −
∣∣∣Aρ0K0S(p1, p2, p3)∣∣∣2 (40)
+A∗K∗+pi−(p1, p2, p3)AK∗+pi−(p2, p1, p3)
+A∗(Kpi)+0 pi−(p1, p2, p3)A(Kpi)+0 pi−(p2, p1, p3)
−2Re
(
A∗ρ0K0S(p1, p2, p3)AK∗+pi−(p1, p2, p3)
)
−2Re
(
A∗ρ0K0S(p1, p2, p3)A(Kpi)+0 pi−(p1, p2, p3)
)
+A∗K∗+pi−(p1, p2, p3)A(Kpi)+0 pi−(p2, p1, p3)
+A∗(Kpi)+0 pi−(p1, p2, p3)AK∗+pi−(p2, p1, p3),
and∑
i,j
[A∗i(p1, p2, p3)Aj(p1, p2, p3)] = ∣∣∣Aρ0K0S(p1, p2, p3)∣∣∣2 (41)
+
∣∣∣AK∗+pi−(p1, p2, p3)∣∣∣2
+
∣∣∣A(Kpi)+0 pi−(p1, p2, p3)∣∣∣2
+2Re
(
A∗ρ0K0S(p1, p2, p3)AK∗+pi−(p1, p2, p3)
)
+2Re
(
A∗ρ0K0S(p1, p2, p3)A(Kpi)+0 pi−(p1, p2, p3)
)
+2Re
(
A∗K∗+pi−(p1, p2, p3)A(Kpi)+0 pi−(p1, p2, p3)
)
.
The minus signs in Eq. (40) originate from the relation in Eq. (27). On the other hand,
as shown in Sec. 3, there is no general symmetry relation between AK∗+pi−(p1, p2, p3) and
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AK∗+pi−(p2, p1, p3), and similarly for (Kpi)0. Thus the second, third, sixth and seventh
terms in Eq. (40) cannot be further simplified.
From Eqs. (40) and (41), it follows that in a time-dependent amplitude analysis, the
CP asymmetry measurement can be directly related to the photon polarisation for the
ρ0K0S amplitude as
Sρ0K0Sγ = −
2Im
(
q
p
cc′
)
|c|2 + |c′|2 , (42)
which means that the time-dependent CP asymmetry of B0 → ρ0K0Sγ decays has an
opposite sign of that of B0 → pi0K0Sγ decays (see Appendix A), i.e. Sρ0K0Sγ = −Spi0K0Sγ.
Note that since both decay channels arise from the same quark-level transition, b→ sγ,
and that all the hadronic effects cancel out in this formula, this equality is valid at a high
precision.
5 Proposed experimental strategies
In this section two methods are described to obtain information on photon polarisation
from mixing-induced CP violation parameter measurements. The first, suitable in the
context of limited-size data samples, like those used by the BABAR and Belle collaborations,
is described in Sec. 5.1. Using a similar logic to that employed by BABAR and Belle, this
is the first time that a clear theoretical development of the CP -violation parameters
expression is proposed in this context. Then, in Sec. 5.2, we propose a novel method that
is better suited to a larger data-sample, as expected in the Belle II experiment.
5.1 Phase-space integrated analysis
A time-dependent amplitude analysis to extract the CP asymmetries for individual
resonances is currently not feasible at the B factories due to the limited sizes of the
available data samples. Indeed, only the CP asymmetry of the full Kpipi system is
measured [23,24]. After integration over the whole Dalitz plane of the Kpipi system, the
expressions of the time-dependent CP asymmetry parameters can be expressed as
Spi+pi−K0Sγ =
2Im
(
q
p
cc′
)
|c|2 + |c′|2
∫
tot
Re (A∗(p1, p2, p3)A(p2, p1, p3))dp∫
tot
|A(p1, p2, p3)|2dp
, (43)
Cpi+pi−K0Sγ = 0. (44)
As shown in Fig. 2 and Fig. 3, the imaginary part of A∗(p1, p2, p3)A(p2, p1, p3) cancels
after integration over the whole Dalitz plane and thus does not appear in the numerator
of Eq. (43). Furthermore, the factor 2 in the numerator of Eq. (43) originates from
the fact that
∫
tot
|A(p1, p2, p3)|2 dp =
∫
tot
|A(p2, p1, p3)|2 dp. Then, the mixing-induced CP
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asymmetry of the ρ0K0S mode, given in Eq. (42), is obtained via the dilution factor
D ≡ Spi+pi−K0SγSρ0K0Sγ
(45)
= −
∫
tot
Re (A∗(p1, p2, p3)A(p2, p1, p3))dp∫
tot
|A(p1, p2, p3)|2dp
,
where
Re (A∗(p1, p2, p3)A(p2, p1, p3)) = −
∣∣∣Aρ0K0S(p1, p2, p3)∣∣∣2 (46)
−2Re
(
A∗ρ0K0S(p1, p2, p3)AK∗+pi−(p1, p2, p3)
)
−2Re
(
A∗ρ0K0S(p1, p2, p3)A(Kpi)+0 pi−(p1, p2, p3)
)
+Re
(
A∗K∗+pi−(p1, p2, p3)AK∗+pi−(p2, p1, p3)
)
+Re
(
A∗(Kpi)+0 pi−(p1, p2, p3)A(Kpi)+0 pi−(p2, p1, p3)
)
+Re
(
A∗K∗+pi−(p1, p2, p3)A(Kpi)+0 pi−(p2, p1, p3)
)
+Re
(
A∗(Kpi)+0 pi−(p1, p2, p3)AK∗+pi−(p2, p1, p3)
)
,
and
|A(p1, p2, p3)|2 =
∣∣∣Aρ0K0S(p1, p2, p3)∣∣∣2 (47)
+
∣∣∣AK∗+pi−(p1, p2, p3)∣∣∣2
+
∣∣∣A(Kpi)+0 pi−(p1, p2, p3)∣∣∣2
+2Re
(
A∗ρ0K0S(p1, p2, p3)AK∗+pi−(p1, p2, p3)
)
+2Re
(
A∗ρ0K0S(p1, p2, p3)A(Kpi)+0 pi−(p1, p2, p3)
)
.
Note that the last term in Eq. (41), which represents the interference between the K∗+pi−
and (Kpi)+0 pi
− amplitudes, does not appear in Eq. (47). This is due to the fact that this
term cancels after integration over the Dalitz plane, as the interference between P - and
S-waves is a linear combination of odd- and even-order Legendre polynomials.
The measurement of the dilution factor of Eq. (45) can be performed via a time-
integrated analysis. As proposed in Refs. [23,24], in order to obtain the best sensitivity
for D, its value can be measured from an amplitude analysis of B+ → K+resγ → K+pi−pi+γ
decays,2 assuming isospin symmetry. Indeed, a larger data sample is expected for the
final state K+pi−pi+γ comparing to the neutral isospin partner K0Spi
−pi+γ, due to a larger
branching fraction, as well as better experimental reconstruction and selection efficiencies.
2Charge conjugation is implicit here.
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From the detailed expressions in Eq. 46 and 47, which are explicitly given for the
first time in this paper, it is clear that the expression of Spi+pi−K0Sγ, given in Eq. (37),
and hence of the dilution factor, are valid across the whole Kpipi phase space and can be
integrated. On the other hand, as the sensitivity to the CP parameters is higher for larger
values of the dilution factor, an optimised integration region needs to be considered. For
instance, the K1(1270) has a larger branching fraction to ρ
0K0S , which leads to a larger
dilution factor comparing to higher-spin resonances. Thus, an optimised set of cuts in the
mKpipi spectrum needs to be considered when measuring the dilution factor. Note that
any requirements on the phase space must be symmetric under pi+ ↔ pi− interchange.
We emphasise that the measurement of the dilution factor D, which does not require
the study of CP asymmetries but only that of the intermediate resonance amplitudes, can
be obtained independently, for instance from the LHCb experiment, benefiting from a
larger data sample of B+ → K+pi−pi+γ decays comparing to the B factories.
5.2 Time-dependent amplitude analysis
Considering that a larger data sample is available, as that expected in Belle II, we assume
that a time-dependent amplitude analysis of B0 → Kresγ → pi+pi−K0Sγ decays becomes
feasible. In this section, we show that considering different regions of the Kpipi Dalitz
plane separately, provides more information that significantly improves the sensitivity to
new-physics contributions to the photon polarisation.
The expression of Spi+pi−K0Sγ can be re-written with the integration being performed
over a region in the Dalitz plane, δp, such as
Sδp
pi+pi−K0Sγ
= 4Im
qp ξ1 + |ξ|2
∫
δp
A∗123A213dp∫
δp
|A123|2 + |A213|2 dp
 , (48)
using, for simplicity, the conventions
A∗123A213 =
∑
i,j
[A∗i(p1, p2, p3)Aj(p2, p1, p3)] ,
|A123|2 + |A213|2 =
∑
i,j
[A∗i(p1, p2, p3)Aj(p1, p2, p3) +A∗i(p2, p1, p3)Aj(p2, p1, p3)],
ξ
1 + |ξ|2 =
cc′
|c|2 + |c′|2 ,
where we introduced the notation ξ ≡ c′/c∗ as the ratio of right- to left-handed amplitudes,
and where the expression of the amplitudes are taken from Eqs. (40) and (41). Writing
the hadronic decay amplitude as
A123 = |A123| eiδ
p
123 , A213 = |A213| eiδ
p
213 , (49)
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the real and imaginary parts of the hadronic contribution in Eq. (48) can be expressed as∫
δp
A∗123A213dp∫
δp
|A123|2 + |A213|2 dp
=
∫
δp
|A123| |A213| cos(δp213 − δp123)dp∫
δp
|A123|2 + |A213|2 dp︸ ︷︷ ︸
≡ aδp
+i
∫
δp
|A123| |A213| sin(δp213 − δp123)dp∫
δp
|A123|2 + |A213|2 dp︸ ︷︷ ︸
≡ bδp
, (50)
so that Eq. (48) can be re-written as
Sδp
pi+pi−K0Sγ
= 4Im
(
q
p
ξ
1 + |ξ|2
)
aδp + 4Re
(
q
p
ξ
1 + |ξ|2
)
bδp (51)
=
4
1 + |ξ|2
(
aδp [Imξ cos 2β − Reξ sin 2β] + bδp [Reξ cos 2β + Imξ sin 2β]
)
=
4
1 + |ξ|2
(
Reξ
[
bδp cos 2β − aδp sin 2β]+ Imξ [aδp cos 2β + bδp sin 2β] ).
Thus, measuring the real and imaginary parts of the hadronic part in Eq. (50) in different
regions of the Dalitz plane provides a more precise determination of ξ. Indeed, in a similar
way as in Ref. [34], it is possible to define symmetric regions of the Dalitz plane: I above
the bisector line m13 −m23 and I below. In these symmetric regions, the relations
aI = aI , and bI = −bI , (52)
hold, from which the following relations are obtained:
S+ ≡ SIpi+pi−K0Sγ + S
I
pi+pi−K0Sγ
=
8
1 + |ξ|2 (Imξ cos 2β − Reξ sin 2β) a
I , (53)
S− ≡ SIpi+pi−K0Sγ − S
I
pi+pi−K0Sγ
=
8
1 + |ξ|2 (Reξ cos 2β + Imξ sin 2β) b
I . (54)
From Eqs. (53) and (54) it follows that by measuring separately the time-dependent CP
asymmetries in the regions I and I it becomes possible to independently constrain the
real and imaginary parts of ξ. Note that Eq. (53) is strictly equivalent to Eq. (43), and
that D = −2aI . Using Eqs. (53) and (54), Reξ and Imξ are expressed as
Reξ
1 + |ξ|2 =
1
8
(S−
bI
cos 2β − S
+
aI
sin 2β
)
, (55)
Imξ
1 + |ξ|2 =
1
8
(S−
bI
sin 2β +
S+
aI
cos 2β
)
. (56)
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Figure 2: Normalised distributions of the real (left) and imaginary (right) parts of Eq. (50) with
K1(1270)→ K∗pi → pi+pi−K0S decay amplitudes. While the real part (aδp) is symmetric with
respect to the Dalitz-plane bisector, the imaginary part (bδp) exhibits an anti-symmetric pattern.
The axes correspond to s13 = m
2
pi+K0S
and s23 = m
2
pi−K0S
in GeV2/c4. A similar behaviour is
observed for all kaonic resonances.
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Figure 3: Normalised distributions of the real (left) and imaginary (right) parts of Eq. (50) with
K1(1270)→ pi+pi−K0S decay amplitudes, including all the intermediate resonances. The axes
correspond to s13 = m
2
pi+K0S
and s23 = m
2
pi−K0S
in GeV2/c4. A similar behaviour is observed for
all kaonic resonances.
Similarly to Sec. 5.1, the hadronic parameters, aI and bI , need to be obtained from an
amplitude analysis of B+ → K+resγ → K+pi−pi+γ decays. The partition scheme of the
Dalitz plane must be optimised as a function of the amplitude content in the different
regions and the available data sample. From the anti-symmetric relation shown in Eq. (27),
it follows that the integrals of Eq. (50) with the ρ0K0S amplitude are real and independent
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of the integration region, with the values
aδp
ρ0K0S
= −1
2
and bδp
ρ0K0S
= 0. (57)
On the contrary, as shown in Fig. 2, the real and imaginary parts of Eq. (50) with the K∗pi
amplitude vary as a function of the Dalitz-plane position. Furthermore, it clearly appears
that the real (imaginary) part of the K∗pi amplitude exhibits a symmetric (anti-symmetric)
distribution with respect to the Dalitz plane bisector. Similar behaviour is observed for
the (Kpi)0pi amplitude. As shown in Fig. 3, when including the amplitudes of all the
intermediate states, these symmetry properties with respect to the Dalitz plane bisector
remain.
6 Constraints on new physics and future prospects
Finally, the constraints on c′/c, which can be obtained from the time-dependent measure-
ment of B0 → pi+pi−K0Sγ decays, are discussed. The common name of c′/c is C ′7/C7; we
use this notation hereafter.
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Figure 4: Constraints on Re (C ′7/C7) and Im (C ′7/C7) at the three standard-deviations level.
The light red region is the constraint obtained from the current measurement of time-dependent
CP asymmetry in B0 → pi0K0Sγ decays, Spi0K0Sγ = −0.15± 0.20 [25], overlaid with the constraint
(dark red) obtained from the expected precision at Belle II with integrated luminosities of 10 ab−1
(left) and 50 ab−1 (right). The dashed green contour is the constraint obtained from the angular
coefficients of B → K∗e+e− decays at q2 → 0, measured by LHCb [14], A(2)T = −0.23 ± 0.24
and AimT = 0.14± 0.23, overlaid with the contraint (full green line) obtained from the expected
precision at LHCb Run II (8 fb−1) and Run III (22 fb−1). The grey circular contour is the
constraint obtained from the branching fraction measurement of the inclusive B → Xsγ processes
with B(B → Xsγ)Eγ>1.6GeVexp = 3.27± 0.14 [25] and B(B → Xsγ)Eγ>1.6GeVth = 3.36± 0.23 [35].
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Currently, the most stringent constraints on C ′7/C7 are obtained from the time-
dependent CP asymmetry in B → KSpi0γ decays, the angular coefficients of B → K∗e+e−
decays at q2 → 0, A(2)T and AImT , and the branching fraction of the inclusive B → Xsγ
process. In Fig. 4, we show the constraints on Re (C ′7/C7) and Im (C
′
7/C7) at the three
standard-deviations level, obtained from the available measurements. The figure also
shows the constraints that can be obtained with the expected precision at Belle II with
datasets of 10 ab−1 (foreseen by the year ∼2023) and 50 ab−1 (∼2027) and at LHCb with
datasets of 8 fb−1 (current) and 22 fb−1 (∼2023). The expected constraints are obtained
by using the current central values of the observables, and assuming the measurements to
be limited by the statistical uncertainties. As it is well known, Spi0K0Sγ provides a precise
determination of C ′7/C7, even though it cannot disentangle its real part from its imaginary
part.
Next, let us show the expected constraint from Spi+pi−K0Sγ, integrating over the whole
Dalitz plane, as described in Sec. 5.1. The determination of Re (C ′7/C7) and Im (C
′
7/C7)
via Spi+pi−K0Sγ depends on the value of the dilution factor, hence on the amplitudes of
intermediate states and on the integration region. In Fig. 5, we show the constraints for
different values of the dilution factor, D = {1, 0.6, 0.3}. For the sake of demonstration, the
central values are arbitrarily chosen as Spi+pi−K0Sγ = {0.15, 0.09, 0.05}, to facilitate the com-
parison with the constraints on C ′7/C7 from Spi0K0Sγ as shown in Fig. 4. The experimental
uncertainties are obtained by scaling the statistical uncertainty, σ(Spi+pi−K0Sγ) = 0.25, from
the latest BABAR analysis [24] with a dataset of ∼ 0.5 ab−1, to the precision expected with
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Figure 5: Prospects for constraining, at the three standard-deviations level, Re (C ′7/C7) and
Im (C ′7/C7) from a measurement of Spi+pi−K0Sγ , integrating over the whole Dalitz plane. The colour
changes from dark blue to light blue for decreasing values of the dilution factor D = {1, 0.6, 0.3}.
For each of these, a central value of Spi+pi−K0Sγ is chosen arbitrarily to be, respectively, Spi+pi−K0Sγ ={0.15, 0.09, 0.05}, and the current experimental uncertainty is scaled by the increase of integrated
luminosity. The grey and green contours are described in Fig. 4.
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Figure 6: Prospects for constraining, at the three standard-deviations level, Re (C ′7/C7) and
Im (C ′7/C7) from the proposed observable S−. The colour changes from dark blue to light blue
for increasing values of the hadronic parameter bI = {−0.5,−0.3,−0.15}. The corresponding
values of S− = {0.30, 0.18, 0.10} are chosen to match those used for Spi+pi−K0Sγ in Fig. 5, with
similar uncertainties. The uncertainty on the hadronic parameter bI is accounted for, assuming
σ(bI) = σ(D)/√2. All uncertainties are further scaled according to the increase of integrated
luminosity. The grey and green contours are described in Fig. 4.
integrated luminosities of 10 ab−1 and 50 ab−1 at Belle II. The uncertainty on the dilution
factor, σ(D) = 0.18 [24], is scaled in the same way. Note that D = 1 corresponds to the
case where the intermediate mode B0 → ρ0K0Sγ dominates and the effect of other reso-
nances is negligible. The contributions of the other intermediate modes, i.e. B0 → K∗piγ
and B0 → (Kpi)0piγ, decrease the value of D, resulting in looser constraints on C ′7/C7.
This result shows the importance of carefully optimising the phase space region in the
measurement of Spi+pi−K0Sγ to ensure the best interplay between the dilution factor and
the number of events.
Let us now consider the proposed observable S− of Eq. (54), representing the dif-
ference of the time-dependent CP asymmetries measured in two regions of the Dalitz
plane. The observable S+ in Eq. (53) yields a similar constraint as that from the
integrated analysis, which is shown in Fig. 5. On the contrary, S− leads to a dif-
ferent kind of constraint; an example is shown in Fig. 6, with the central values
S− = {0.30, 0.18, 0.10}, chosen to match those of Spi+pi−K0Sγ in Fig. 5, and with the hadronic
parameter values bI = {−0.5,−0.3,−0.15}. The uncertainties on S− are obtained as-
suming σ(SI) = σ(SI) =
√
nσ(Spi+pi−K0Sγ), where n = 2 corresponds to the number of
Dalitz-plane regions, and neglecting the correlations between SI and SI . The uncertainties
on bI are obtained assuming σ(bI) = σ(aI) = σ(D)/√n. The relation σ(bI) = σ(aI) is
obtained assuming that the uncertainty on the magnitude of the hadronic decay is similar
to that on the arc-length corresponding to the phase difference.
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Figure 7: Prospects for constraints on Re (C ′7/C7) and Im (C ′7/C7), at the three
standard-deviations level, obtained from the two observables S− and S+. The cen-
tral value of S− is chosen arbitrarily, while its uncertainty is estimated using re-
sults from Ref. [24]. Three sets of central values, yielding different contraints on
Re (C ′7/C7) and Im (C ′7/C7), are chosen: {S+,S−, aI ,bI} = {0.17, 0.13,−0.5,−0.15} (blue),
{0.13, 0.04,−0.3,−0.3} (red) and {0.13,−0.03,−0.15,−0.5} (green). The uncertainties are taken
as σ(SI) = σ(SI) =
√
nσ(Spi+pi−K0Sγ), and σ(a
I) = σ(bI) = σ(D)/√n, where n = 2 corresponds
to the number of Dalitz-plane regions. All the uncertainties are further scaled according to the
increase of integrated luminosity. The grey and green contours are described in Fig. 4.
It is remarkable that the constraint on C ′7/C7 obtained from S− is orthogonal to that
from S+. From Eqs. (53) and (54), it is clear that this orthogonality does not depend on
the values chosen for this demonstration. Thus, by combining the two observables it is
possible to obtain stringent constraints on both the real and imaginary parts of C ′7/C7.
On the other hand, it is not possible to obtain such contraints from a time-dependent
analysis of B0 → pi0K0Sγ decays, where S− and S+ are not defined.
We finally show, in Fig. 7, an example of the combined constraints from Eqs. (53)
and (54). As before, the central values of S+, S−, aI and bI are chosen arbitrarily, and
the uncertainties are estimated from the BABAR measurements of Spi+pi−K0Sγ and D [24].
The sets of central values used in Fig. 7 are {S+,S−, aI , bI} = {0.17, 0.13,−0.5,−0.15},
{0.13, 0.04,−0.3,−0.3} and {0.13,−0.03,−0.15,−0.5}. Even though the obtained con-
straints depend on the hadronic parameters, it is clear that combining the information
from S+ and S− measured in B0 → pi+pi−K0Sγ decays allows to independently constrain
both Re (C ′7/C7) and Im (C
′
7/C7).
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7 Conclusion
In this paper, we derive the formula for the time-dependent CP asymmetry of B0 →
Kresγ → [ρ0K0S , K∗+pi−, (Kpi)+0 pi−]γ → pi+pi−K0Sγ; it is the first time that this formula is
derived including all these intermediate states. As it turns out, the formula is the same
for all Kres states with J
P = (1+, 1−, 2+). This allows to extract the time-dependent CP
asymmetry Sρ0K0Sγ by measuring the phase-space integrated Spi+pi−K0Sγ and the dilution
factor D. The constraint from this measurement on the C ′7/C7 complex plane is similar to
that obtained from the measurement of Spi0K0Sγ; it corresponds to a diagonal band. The
dilution factor can be obtained from the charged decay mode B+ → pi+pi−K+γ, which
benefits from a higher branching fraction and a better detection efficiency compared to
the neutral decay mode. In particular, the LHCb experiment is currently in the best
position to provide additional information on D.
We also show that performing a time-dependent amplitude analysis of B0 → pi+pi−K0Sγ
decays gives access to a new observable, S−, which allows, when combined with S+, to
obtain stringent constraints on both the real and imaginary parts of C ′7/C7. This is the
main result of this paper. Such an analysis is not currently feasible due to the limited size
of the available data samples, whereas it will become accessible with the dataset expected
from the Belle II experiment. We present prospects for the determination of C ′7/C7 from a
time-dependent analysis of B0 → pi+pi−K0Sγ decays at Belle II, considering two approaches:
a phase-space integrated analysis and an amplitude analysis using information from the
K0Spi
+pi− Dalitz-plane.
The analysis of B0 → pi+pi−K0Sγ decays should provide stringent constraints on the
photon polarisation in the upcoming years. In particular, the constraints on C ′7/C7 from
this measurement are complementary to those obtained from the time-dependent CP
asymmetry of B0 → pi0K0Sγ and the angular analysis of B → K∗e+e− at low q2.
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A The time-dependent CP asymmetry in B0 →
K∗0γ → pi0K0
S
γ and B0s → φγ → K+K−γ
For comparison, we include the CP formulae for the B0 → K∗0γ → pi0K0Sγ and
B0s → φγ → K+K−γ in this appendix.
Let us obtain the amplitude relations, as done in Sec. 3. The relations between the
right and left handed amplitudes in Eq. (23) hold also in the cases of B0 → K∗0γ and
B0s → φγ decays. For the strong amplitude K∗0 → pi0K0S , the C transformation leads to
Api0K0Sλ = 〈K0S(p1)pi0(p2)|H′s|K∗〉
= 〈K0S(p1)pi0(p2)|H′s|K∗〉,
where we assigned C|K∗0〉 = −|K∗0〉 for consistency. For φ→ K+K−
A′K+K−λ = 〈K+(p1)K−(p2)|H′s|φ〉
= −〈K−(p1)K+(p2)|H′s|φ〉
= 〈K−(p2)K+(p1)|H′s|φ〉,
where the last line is explained by the fact that the φ decays trough a p-wave. For the
parity transformation, Eq. (30) holds here as well. Using these relations, for B0 → K∗γ
and B0s → φγ decays we find
M
∗pi0K0S
L M
pi0K0S
L =
( c
c′∗
) ∣∣∣Mpi0K0SL ∣∣∣2 , (58)
M∗K
+K−
L M
K+K−
L =
( c
c′∗
) ∣∣∣MK+K−L ∣∣∣2 , (59)
and Eq. (36) holds here as well. As a result, we find for B0 → K∗γ
Cpi0K0Sγ = 0, Spi0K0Sγ =
2Im
(
q
p
cc′
)
|c|2 + |c′|2 . (60)
For the B0s → φγ → K+K−γ decay, Eq. (6) has an additional term due to the large ∆Γs
with respect to ∆Γd [25] such that
Γ(t)− Γ(t)
Γ(t) + Γ(t)
≡ SK+K− sin(∆mt)− CK+K− cos(∆mt)
cosh ∆Γst
2
−A∆K+K−γ sinh ∆Γst2
, (61)
where A∆K+K−γ is given by
A∆K+K−γ =
2Re
(
q
p
∑
λ=L,R
[
M∗λMλ
])
∑
λ=L,R
[∣∣Mλ∣∣2 + |Mλ|2] . (62)
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Then, we find
CK+K−γ = 0, SK+K−γ =
2Im
(
qs
ps
cdc
′
d
)
|cd|2 + |c′d|2
, A∆K+K−γ =
2Re
(
qs
ps
cdc
′
d
)
|cd|2 + |c′d|2
, (63)
where qs/ps indicates the B
0
s − B0s mixing phase and cd indicates the coefficient of the
b → dγ transition amplitude. Integration over the whole phase space is implicit. The
first measurement of A∆K+K−γ was obtained by the LHCb collaboration [36]. This result
was recently superseded by an updated analysis also including the first measurements of
SK+K−γ and CK+K−γ [?].
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